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Abstract

Continuous-wave time-of-flight (CW-ToF) sensors are
popular due to their compactness, low cost, and satisfac-
tory reliability. However, the accuracy is limited in low-
albedo areas, which is common in tag detection in robotics,
as the echo signal does not have sufficient energy to over-
come the random noise. In this project, we propose a noise
model for the prediction over dark areas and conduct ex-
periments on real devices to verify the model. The results
disagree, but we still point out several causes of failure and
the next steps to improve our experiments. Solving the dis-
crepancy may enable us to employ HDR techniques in the IR
spectrum and fabricate a sensor that performs better over
dark areas. Code and related data are available at https:
//github.com/tianwen-fu/16823-project.

1. Introduction
3D data have a wide range of usages in autonomous driv-

ing [2], crack detection [24, 25], novel view synthesis [22],
and facial recognition [21] for security purposes such as
Face ID. Consequently, a variety of technologies supporting
3D sensors are developed, including LiDARs, continuous
wave time-of-flight (CW-ToF) sensors, and stereo cameras.
Among the options, a lot of commercial 3D sensors adopt
CW-ToF sensors based on their balance of reliability, high
resolution, and compactness.

CW-ToF sensors measure depth information by compar-
ing the phase of actively emitted modulated light and its
echo from objects. Despite being robust for most convex
Lambertian scenes, this system suffers from global illumi-
nation and random noise. A multitude of previous work
has made great progress in dealing with global illumina-
tion [1, 9], but little attention is drawn to methods to cope
with the random noise.

The effect of random noise is manifest in regions with
low albedo, where an insufficient amount of signal is re-
turned and therefore the depth estimation for points in black
regions often deviates from the plane they lie on. However,

the robotics community heavily relies on black-and-white
tags such as ArUco [7] and AprilTag [17], usually printed
on paper, as beacons. Inaccuracies around the black corners
may impede the pose estimations of 3D detection systems
in these robots.

Nevertheless, in photography, the common way to re-
duce the noise in low signal regions without saturating the
strong signal areas is High Dynamic Range Imaging (HDR),
which combines short- and long-exposure images to pre-
serve accurate measurements regardless of scene albedo.
However, for robotics uses we cannot afford long exposure
that leads to delay and motion blur; instead, with an active
camera, we may be able to adjust the signal strength adap-
tively to the scene measurements.

In this project, we aim to study the noise affecting depth
estimation in low albedo regions. We propose both a theo-
retical result and experiment findings. Although the experi-
ments do not prove the theory, we still hope in the future a
more comprehensive theory and more carefully conducted
experiments shall fix the discrepancy and enable a realis-
tic simulator, which may further lead to the application of
HDR techniques in 3D sensors.

In short, the contributions of the project include:

• A theory that aims to explain the noise;

• Experiment results of a real-world 3D sensor;

• Analysis of the failure and possible future directions.

2. Related Work
ToF Sensors Enhancement. Numerous endeavors have
been undertaken to improve the depth estimation perfor-
mance of Time-of-Flight (ToF) sensors. Godbaz et al. [8]
employed blind deconvolution to extend the range of depths
and deblur the measurements by estimating focal parame-
ters. Xiao et al. [23] improved by solving a solution to the
inverse problem of a blur model to remove the defocus blur
and increase the spatial resolution. The proposed method is
also applicable to multi-frequency ToF sensors, which have
gained widespread use in recent times. To cope with global
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illumination, Gupta et al. [9] proposed phasor imaging to
model the light transport events by capturing several mea-
surements at high temporal frequency. Reynolds et al. [20]
concentrate on a more relevant research area by addressing
the issue of flying pixels in materials with low infrared re-
flectivity. To remove these invalid points, they employ Ran-
dom Forests to estimate a per-point confidence assignment.
However, their work does not involve improving the point
estimations. Mask-ToF [5] also aims to mitigate the flying
pixels problem, but it models the issue as a consequence of
background-foreground interference.

Commercial CW-ToF Sensors. Common commercial
sensors include Azure Kinect DK camera [15] and Cam-
board pico flexx [18], whose depth sensor is Infineon
IRS1145C1 [10]. Both cameras project a modulated in-
frared (IR) signal and capture the reflected light. Then,
the time-of-flight information is obtained by comparing the
phase difference. Azure Kinect is equipped with two IR
laser diodes, one of which is the near field-of-view mode,
with resolution 640 × 576, measuring 0.5 ∼ 3.9m at
30FPS [14]; the other is the wide field-of-view mode with
resolution 512 × 512, measuring 0.3 ∼ 2.9m at 30FPS.
Both modes send 9 IR pulses, each 125us wide. Pico flexx
is capable of taking 224 × 171 depth images at 45 FPS.
Along with the depth information, both cameras also have
a coupled image sensor: pico flexx captures in grayscale
while Azure Kinect can take color images. Although there
are no trivial ways to modify the firmware to the best of
our knowledge, both brands provide software development
kits (SDKs) for processing the depth information. Figure 1
shows a screenshot of Royale Viewer, a built-in application
in pico flexx’s SDK.

Figure 1. Screenshot of the depth map in a scene with two bottles
and a marker on the table.

Multi-exposure Fusion. Generating high dynamic range
photographs by fusing images captured with different ex-
posure is a mature technology that can be dated over 2
decades. Debevec and Malik [6] proposed an algorithm for

1The specific model “IRS1145C” is not in the datasheet cited; however,
the datasheet, with chip models IRS1125C, IRS1645C, and IRS1615C,
include the pico flexx as a “3D reference camera”.

recovering the non-linear correspondence from radiance to
pixel values, thus enabling merging multiple captures from
an arbitrary camera without knowing the radiance a priori.
On the other hand, Mertens et al. [13] avoided the compu-
tation of the response curve and computed the tone-mapped
images directly by weighting pixels with well-engineered
quality measures. Deepfuse [19] replaced the engineered
features with deep features that are more robust to extreme
exposure pairs.

Low-light Imaging. Besides taking HDR images with
multiple exposures, another line of work aims to directly
remove the noise from a single shot with a short exposure
and high gain. Chen et al. [4] presented a dataset of short-
exposure low-light images paired with long-exposure ones
as reference images and trained a convolutional neural net-
work to process the noisy images. Monakhova et al. [16]
further extend to extremely low light under starlights and
train generative adversarial networks as the noise model
from high-gain short-exposure images to high-exposure
ones. The noise model can create realistic noisy videos to
train a deep denoiser. Liba et al. [12] presented a com-
prehensive system capable of motion-adaptive burst cap-
ture, denoising, and white balance adjustments. The system
is specialized for hand-held devices equipped with motion
sensors.

3. Technical Section
3.1. Scope of the Project

In this project, we define the “flying pixels” as the in-
accurate depth measurements over low-albedo regions in
the scene where reliable depth information can be obtained
for bright pixels under the same condition. Therefore, we
limit the scope of our project to only direct diffusion re-
flections and ignore all the global illumination effects and
related post-processing techniques. Furthermore, follow-
ing the practices in phasor-based works [9], we also assume
that we may separate the modulation frequency from the re-
ceived signal perfectly (by suitable band filters) and thus the
measurements are only affected by sinusoidal of the same
frequency.

3.2. Noise Model

As shown by Lange and Seitz [11], the time of flight is
proportional to the phase difference, which can be recov-
ered by a cross-correlation operator of the emitted and the
received signal. Specifically, denote by s(t) = cos(2πωt)
the modulated signal and r(t) = LDC + a cos(2πωt − φ),
where φ is the quantity we need to compute. The cross-
correlation of two signals can be computed by

c(τ) =

∫ ∞

−∞
s(t)r(t+ τ)dt =

a

2
cos(2πωτ + φ).
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Let τ∗ ∈ [−π, π) be the maximizer of c(τ), the estimated
phase shift would be φ̂ = −2πωτ∗.

Now, let the noise be n(t) = b cos(2πωt − ε), then the
signal we receive would be r̃(t) = LDC + a cos(2πωt −
φ) + b cos(2πωt− ε) has the Fourier transform

R̃(f) =LDCδ(f) +
1

2
(ae−jφ + be−jε)δ(f − ω)

+
1

2
(aejφ + bejε)δ(f + ω)

The Fourier transform of the cross-correlation function,
which is the convolution of the signal and the flipped re-
ceived signal is

C̃(f) = S(f)R̃(−f) =
1

2
(ae−jφ + be−jε)δ(f + ω)

+
1

2
(aejφ + bejε)δ(f − ω)

and the correlation function

c̃(τ) =
a

2
cos(2πωτ + φ) +

b

2
cos(2πωτ + ε)

which gives estimation

φ̂ = −2πωτ∗ = tan−1

(
a sinφ+ b sin ε

a cosφ+ b cos ε

)
. (1)

With uncorrelated ambient noise, its phase ε should be
distributed evenly across [0, 2π). In Figure 22, we show the
distribution of φ̂− φ with different ratio a

b for two choices
of the ground truth phase φ. Note from the figure that by
our noise model, the error should be concentrated around
± b

a and the ground truth depth only affects the shape but
not the mode.

3.3. Validation of Noise Model

Collection of Data. We plan to print a set of checkerboard
patterns, where black and white tiles show up alternately,
and collect depth measurements by Pico Flexx camera from
an orthogonal position. This should minimize the errors
from other sources, such as a tilting angle and consequent
global illumination effects. With the depth estimation, we
can compute the phase from the depth by

φ =
4πωz

c

where w is the frequency of the IR with wavelength 850nm.
In the collected data, we use all the corners to perform Pro-
crustes transformation estimation to get the extrinsic matrix
and then transform the entire image to z = 0 plane. The
depth estimation over black tiles will be converted into data
points for φ̂. To validate our noise model with respect to
different relative albedo a

b , we also tone map the checker-
board to different grayscales.

2I do believe there should be a closed-form PDF for φ̂ as an expression
involving the PDF of ε, but I don’t know how to derive that.
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Figure 2. Distribution of φ̂−φ according to our noise model with
different values of ground truth φ. Each line stands for a histogram
of φ̂’s computed by Equation 1 with 1000000 samples of ε from
Uni[0, 2π). The y axis is normalized such that the area under each
curve is 1.

Verifying the Qualitative Characteristics of the Noise
Model. From the simulated densities in Figure 2, there
are some key insights into the distribution of our noise that
we need to validate:

• The distribution is symmetric and bi-modal, and al-
most all the densities are on the modes;

• The mode of phase difference φ̂ − φ does not depend
on the ground truth depth, but coincides with the ratios
± b

a .

Estimating the Distribution of Noise. From Equation 1,
let r = b

a , we may derive an alternative form that expresses
ε as a function of φ̂:

sin(ε− φ̂) =
1

r
sin(φ̂− φ) (2)

From our data collection, we can acquire φ and φ̂. Then
we also estimate the ratio by

r̂ = arg max
∆φ>0

p̃(∆φ)

Then, we can obtain an empirical posterior distribution
of ϵ given our observation.
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4. Empirical Observations

4.1. Implementation Details

We use the bundled SDK of Pico Flexx to capture our
data. The use case is set to MODE 5 45FPS 500 which is
suitable for depth measurements from 0.1m to 1m. We print
Figure 3a onto a letter-sized paper, put it onto a plane, and
capture it from an orthogonal angle like in Figure 3b. Af-
terward, we detect the checkerboard points by OpenCV [3]
and transform the point cloud by orthogonal Procrustes
transformation to the z = 0 plane. Then, in the transformed
world frame, we compute the mean of depth measurements
over white blocks z, and report the depth measurements
over the black blocks ẑ minus z.

(a) The Pattern to Print (b) Grayscale Image Captured

Figure 3. Checkerboard Pattern

4.2. Overview of the Noise Distribution

Figure 4 shows a 3D view of the flying pixel effect in a
captured point cloud by our sensor. We also plot the his-
togram of the distribution of ẑ in Figure 5 and per-block
histograms in Figure 6; however, it is biased towards the
positive direction of ẑ and does not match our theoretical
results in Figure 2.

Figure 4. 3D View of the Flying Pixels. The red, green, and blue
arrows point to the positive directions of x, y, z-axes respectively.
Points corresponding to black points are floating over the plane.

Nevertheless, we still want to explore: to what extent do
the qualitative characteristics hold? In the next sections,
we will report how the distribution of ẑ changes with respect
to depth and albedo.
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Figure 5. Histogram of the Distribution of ẑ−z in the Point Cloud
Shown in Figure 4.
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Figure 6. Per-block Distribution of ẑ. The blocks with black back-
grounds correspond to black blocks in the checkerboard pattern.

4.3. Variance of Errors at Different Depths

In this section, we take captures while moving the sensor
away from the fixed pattern on the wall. For the purpose of
visualization, we use a Gaussian kernel with bandwidth 1.0
to estimate a smooth curve of distribution. We report the
results at different depths in Figure 7. The curve shifts a
little bit to the increasing side of ẑ− z at further depths, but
is rather stable; this can also be confirmed by the trend of
the mode we show in Figure 8.

4.4. Variance of Errors with Different Albedo

In this section, we aim to verify whether we can achieve
a linear relationship of the mode with respect to the albedo
changes. We change the gray value g of black blocks (g =
0 for completely black, g = 255 for completely white) in
the checkerboard patterns from 0 to 255 with step size 16,
shown in Figure 9.

Figure 10 and 11 show the error distribution and trend
of the mode with linearly varying albedo. We can see an
almost linear trend, but the linearity is not strong enough
to draw a conclusion. A possible reason may be that the
albedo does not linearly vary with the RGB value, which
we would discuss in detail in Section 5.2.
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(a) Distribution Curves for all the Depths Collected.

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
z z

0.00

0.02

0.04

0.06

0.08

0.10

0.12

Pr
ob

ab
ilit

y

aggregated
depth=335
depth=365
depth=398
depth=443
depth=500
depth=680
depth=704
depth=931

(b) Some Selected Curve for Better Visualization.

Figure 7. Change of Error Distribution with Respect to Depth. The
blue shaded area represents the estimated distribution by collecting
all the errors in different depths.
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Figure 8. Trend of the argmax ẑ − z. The error bars show one
standard deviation of the samples. Small changes with respect to
depth can be inferred from the plot.

4.5. Estimated Distribution of ε

A natural question here is, what if we apply our model
and find the distribution of ε anyway? Figure 12 shows
the distribution of ε − φ derived by Equation 2, which is
similar across the depths, but completely different from our
uncorrelated noise assumption. Moreover, the density of ε
is significantly higher around 0, which may suggest that the
noise is correlated to the measurement signal.

(a) g = 16 (b) g = 160

Figure 9. Checkerboard Pattern with Different Gray Value g. We
print a series of these modified patterns to simulate linearly vary-
ing albedo.
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Figure 11. Trend of the Mode with Varying Albedo.
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5. Possible Reasons of Failure

5.1. Unideal Camera Setup

For this project, we are hand-holding the camera, and
thus cannot get reliable ground truth information. There-
fore, we had to resort to checkerboard patterns to estimate
camera pose, which is not accurate and may induce unmod-
elled noise.

Besides, printed patterns unavoidably cause glare, espe-
cially for grayscale cameras, and such glare brings about
errors in corner identification, shown in Figure 13, and pos-
sible noise source in depth estimation. With a fixed camera
position and suitable material that reduces glare, we may be
able to get more reliable measurement estimation.

Figure 13. Screenshot of Glare Resulting in Erroneous Calibra-
tion. One of the orange corners is off the correct position.

Moreover, we are assuming that the albedo of the black
blocks is linear to the gray value. The validity of this as-
sumption depends on the specific printer and ink. We an-
ticipate a more conclusive relationship than Figure 11 when
we can have targets with ground-truth albedos.

5.2. Post-processing

Almost all cameras employ some proprietary algorithms
to reduce noise and global illumination, including the model
we are using. In the internal algorithm of data processing,
new noise may be induced and the existing noise may be
distorted. We may expect a cleaner observation of the error
distribution if we access the raw data captured.

6. Conclusion

This project discusses a theoretical model and some em-
pirical analysis of the noise that occurs in capturing low-
albedo regions with continuous-wave time-of-flight sensors.
The models don’t agree, and we still identify some possible
causes of failure on which future work can improve.

Theoretically, uncorrelated noise should lead to a distri-
bution of noisy measurements that is symmetric with two
clear spikes, the absolute values of which are the same as
the ratio of the amplitude of the signal to the amplitude of

the ambient noise. By identifying the spikes, we may es-
timate the signal strength ratio and then derive the corre-
sponding noises for each observation data point. Then, we
can find an empirical distribution of the noise and construct
a simulation environment to try out ideas.

However, our empirical results show that the noise distri-
bution is biased towards further depth and unimodal. More-
over, the relationships of the mode in the error to the true
depth and albedo are indecisive. If we compute the distribu-
tion of the ambient noise phase by our theoretical equations,
the results show a strong correlation with the true depth.
This may imply noise sources caused by the internal com-
ponents of the camera, or missing parts in the theory.

Possible reasons causing the discrepancy might be the
unideal camera setup, which lacks ground-truth depth and
albedo information. Post-processing by the camera manu-
facturers may also induce or distort noise.

7. Future Steps
In this section, we provide some ideas that we can do

immediately, and some ideas that we may not be able to
implement.

7.1. More Accurate Camera Setup

Since the dimension of the Pico Flexx is given, we may
3D-print a frame to fix the camera, and thus provide us a
ground-truth depth measurement. This further allows us to
drop the checkerboard pattern and use a purely black target.

For the board material, as we have already shown that
printed paper causes glare, we propose to use alternative
materials such as cloth. We hope dyed threads can avoid
retroreflections.

7.2. Minimize Post-processing

The work of this project is built upon the Python SDK,
which itself consists of wrapped C code. We plan to take a
deeper look at all the source codes they provide and see if
we can minimize the post-processing steps.

7.3. Ideas not Yet Able to Implement
Varying Albedo. It is non-trivial to measure the albedo of
a real-world material or construct those with known albedo.

Controlled or Known Noise. It would be extremely use-
ful if there were some ways to measure the ambient noise
or get the ground truth waveform at a particular location.

Single-pixel Continuous Wave Sensor. Figure 12 de-
scribing the distribution of ε suggests there may be corre-
lated noise, which might be due to the internal source of
cross-pixel inference. It would be most desirable to con-
struct a continuous wave sensor that has only one pixel or
sends only one beam of signal at the same time, to minimize
the interference.
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[7] S. Garrido-Jurado, R. Muñoz-Salinas, F. J. Madrid-Cuevas,
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